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[ABSTRACT]: Cohomology is a family of topological invariants originated
from the context of algebra that can detect the global structure of given topo-
logical space, which is used almost everywhere in modern mathematics. Cech
cohomology, de Rham cohomology and singular cohomology are three classi-
cal cohomology theories, and under appropriate conditions, they can be unified
into the framework of sheaf cohomology using the machinery of derived func-
tor. Moreover, this way of defining a cohomology theory inspires a method to
developing cohomolgy theories for more general class of objects. In this paper,
these three classical cohomology theories are introduced, and are proven to co-
incide on a smooth manifold using the classical approach. Then we introduce
Grothendieck’s theory of derived-functor-based sheaf cohomolgy, which serves
as a bridge to make the isomorphism between three theories become natural. An
example of complex manifold is given in the end of this paper, demonstrating
the phenomenon of non-trivial global topological structure making sheaf coho-
mology non-trivial, and therefore influencing the structural sheaf. This illus-
trates the ability of sheaf cohomology to relate the topological and geometrical

properties of certain space.
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1. Introduction

Cohomology theories are a family of topological invariants originated from the con-
text of algebra that is used to detect global structures of topological spaces (or, for a more
restricted class of topological spaces), They are widely used in almost all fields of mathemat-
ics. Cech cohomology, de Rham cohomology, and singular cohomology are three classical
cohomology theories. Under appropriate conditions, they can be unified under the frame-
work of sheaf cohomology using the machinery of derived functors. Moreover, this way
of defining a cohomology theory has inspired a method to develop cohomolgy theories for
more general classes of objects.

This paper is divided into three sections. In section 1, we introduce singular cohomol-
ogy and de Rham cohomology and prove their isomorphism on a smooth manifold, that is,
the de Rham theorem. In section 2, we introduce Cech cohomology, which bears the name
“sheaf cohomology” in many traditions, but we leave this terminology for derived-functor-
based cohomology introduced later. In this section, we prove that Cech cohomology is also
isomorphic to de Rham cohomology in the case of smooth manifolds. In section 3, we define
sheaf cohomology using derived functor, and then prove that sheaf cohomolgy of constant
sheaf on a topological space with appropriate assumptions is isomorphic to de Rham co-
homology and singular cohomology. At the end of this section, we give the example of
exponential exact sequence to demonstrate how topological and geometrical properties of a

space can influence each other, using the tool of sheaf cohomology.

2. De Rham cohomology and de Rham’s theorem

De Rham cohomology is a natural cohomology theory arising basically from calculus.
Our starting point is to introduce de Rham cohomology and prove its equivalence to ordinary
singular cohomology.
2.1 Singular and de Rham cohomology theories

The term cohomology is an umbrella term for a family of functors that assigns an alge-

braic structure to a “space”, usually a topological space, but sometimes also more restricted



classes of spaces like the case of de Rham cohomology upcoming later. One common in-
gredient of cohomology is a functor from the homotopic category of chain complexes to the

category of modules, which we call it cohomology of chain complex:

Definition 1. Let C* be a family of R-modules indexed by Z together with homomorphisms
d* : C* — C*! for each k, such that d> = 0. The data of the pair (C*,d®) is called a
chain complex of R-modules, or simply, a chain complex. They form a category together

with family of morphisms f* : A* — B* that makes the following diagram commute

Ak d AR+

fkl lfk+1

Bk d s Bk—|—1

We denote this category by Ch(Modg).

Definition 2. We define a series of functor H*(—) : Ch(Modr) — Modp, as follows: for
each k, define H*(A®) := ker(d")/im(d*~!); while for morphism f : A®* — B°, it will
naturally induce a map f* : H*(A*) — H*(B*). We call H*(—) the algebraic cohomology

Sfunctor.

In some since, this notion of algebraic cohomology functor can be seen as “a homotopy
theory of chain complexes”. With this notion in mind, we can quickly cook up all kinds
of cohomology functors that works with specific classes of spaces by generating different
chain complexes from the topological or geometrical data, and feed them into the algebraic
cohomology functor.

The first one to introduce is singular cohomology:

Definition 3. Let X be a topological space. Define standard simplex A™ to be the subspace
{3 Nie; € R™ ST\ = 1} of Euclidean space R™™! where {e;} is the standard basis. We
use A7 to denote the n-th face of the standard n-simplex, which can be defined by removing
e; from the linear combination in the definition of A™. Define C(X, R) to be the free R-

module generated by all continuous maps A* — X and define 9y, : Ci.(X, R) — Cr_1(X, R)

2
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%

Now we can construct a chain complex C*(X, R) by letting C* (X, R) := Hompg(Cy(X,Z), R)

AT

and d := 0*, where (—)* means set-theoretical pullback of functions. We can check that
d?> = 0, so C*(X, R) is indeed a chain complex, and we call it singular chain complex of
cochains on X with coefficient R. whose cohomology we denote by H*(X, R). This is

called the singular cohomology of space X with coefficient R.

Remark. There is actually the notion of chain complex (C,, 0) with decreasing index, and
the “chain complex” we just stated should be more suitably referred to as “cochain complex”.
However, for the brevity and consistency we only emphasize the notion of cochain complex
and just call it chain complex, since converting between them is just a matter of flipping the

sign of the complex, i.e. C} :== C % and 9, := d~*.

The second one to introduce is de Rham cohomology, which a the cohomology theory
that gives a series of R-modules (real vector spaces) for a given smooth manifold. In this
paper, when we talk about smooth manifolds, we are referring to the topological manifold

equipped with a smooth atlas, with two additional requirements:
1. it should be Hausdorff;
2. it should be second countable.

It turns out that with these notions, we will be able to construct a partition of unity for any
given open cover, which gives certain “softness” to functions (and forms) on the manifold.
This is an essential ingredient for section 3 that will come later.

In some sense, the biggest tool provided by smooth manifold is the ability to consider
differential, i.e. to consider tangent space, and such notion can be endured with some al-
gebraic structure to capture some local geometric information, which leads to the notion of

differential form.



Definition 4. Let M be a smooth manifold. We use 7); M to denote the cotangent space of
M at point p. Consider the exterior algebra A*(T* M) defined on the vector space 77 M. We
can put them together fiber-by-fiber:
ke N g . ferp
APT*M = p]e_LA M
and give it appropriate smooth structure to let it become a bundle on M. A differential k-
form on M is defined to a section of this bundle. The set of k-forms naturally form a R-linear

space, which we denote by QF(M).

Our goal is to make 2*(M) into a chain complex (2°,d), so we need a reasonably

interesting d, defined as follows:

Definition 5. For w € QF(M), we define the exterior differentiation dw € Q**(M) of form
w on local charts. First we can see that QF(R™) has a natural basis {dx;, A- - -Adx;, |i; < -+ <
i }. Using this, w has a local coordinate Representation of >, . fi,
for smooth functions f;, ;. Define dw locally to be

of

Through a simple calculation, we can see that d> = 0, making (Q°*(M),d) a chain

complex. Therefore we have the definition:

Definition 6. De Rham cohomology is the cohomology of the complex (2°(M), d*). We
denote it by Hpx (M).

With this definition, we now prove the de Rham theorem, which gives the equivalence
between de Rham cohomology and singular cohomology on a smooth manifold, which in
some sense serves as a bridge between the beautiful world of smooth manifold and wild

landscape of general topological spaces. This proof is based on the one given in chapter 18

oft!l.



2.2 Smooth approximation of singular homology
The idea of this proofis to consider the natural paring (—, —) : Hy,(M; R)@HE, (M;R) —
R defined by

(0,) := /M o (¢),

where A* is our notation for standard k-simplex. Itinduces a homomorphism HE, (M;R) —
H*(M;R) and we prove that it is an isomorphism. A technical problem is that this paring
is only well defined for singular chains that happens to be smooth (because only smooth
maps have the notion of pullback), but this can be fixed by approximation. Consider the
following variant of singular homology: we call a simplex o : A¥ — M to be smooth iff
for any point # € AP, there exists a neighborhood of z in R¥*! (here we embed A" into
a Euclidean space) on which ¢ has smooth extension. Let C2°(M;R) be the sub-complex
of the original singular complex C,(M;R) generated by smooth singular simplexes. Since
boundary map only involves restricting simplexes to a closed subset, and since smoothness
is defined locally, we can see that boundary map respects smoothness. This allows us to
define H°(M; R) to be the homology of (C°(M;R), D). Leti : CP(M;R) — Co(M;R)
be the inclusion map. It is easy to see that 7 is a chain map, so it induces a homology-level
map i, : H°(M) — Hi(M).

One benefit of considering “smooth stuff” is that smooth maps have enough flexibility to
do approximations while having limited pathology. To make it precise, we state the following

statement without proving, which is taken from!'!:

Theorem 1 (Whitney Approxibation Theorem for Functions). Suppose N is a smooth mani-
fold with or without boundary, M is a smooth manifold (without boundary), and F : N — M
is a continuous map. Then F' is homotopic to a smooth map. If F' is already smooth on a

closed subset A C N, then the homotopy can be taken to be relative to A.

Such theorem remind us of an approach to relate singular homology and its smooth
variant, that is, we claim that any singular simplex can be approximated by a smooth simplex

from the same homology class:



Theorem 2 (Smooth Approximation of Singular Homology). The homomorphism induced

by inclusion i, : H°(M;R) — H(M;R) is an isomorphism for any k.

To do this we need to subdivide the homotopy given by Whitney’s approximation the-

orem into boundaries?

2.3 The de Rham theorem

For homology simplex o € C¢°(M;R) and differential form ¢ € QF(M), we define
fg o= A 0*(p) extend it bi-linearly to chains and cochains. As mentioned before, we
describe a homomorphism induced by the “integration paring”: for [o] € Hy(M;R) and

(] € HER (M), define F : HE (M) — H*(M;R) by letting

F(ello) = [ 5°(0) n

where & is the smooth approximation of ¢ mentioned before. To check that this map is

well-defined, we need the following re-packaged form of Stokes’s theorem:

Theorem 3 (Stokes). For o € Cyy1(M;R) and p € QF(M),

fo= [
Jdo o

Proof of this theorem is omitted for being just simply unpacking and repacking defini-

tions. With this result, we have

/Udso:/(%sozo @)

for cycle o and coboundary dip, and

/8090=/0_d90=0 ()

for boundary o and cocycle ¢. Moreover, by theorem 2, the choice of & is unique up to a
boundary. Therefore the homomorphism £ is well-defined. We call it the de Rham homo-

morphism.



For simplicity, we say that a smooth manifold M is de Rham if the de Rham map for it
is an isomorphism on every level of cohomology groups. Then we can state our target briefly

as
Theorem 4. (de Rham) Every smooth manifold is de Rham.
The most naive case is that any convex open subsets of R™ is de Rham.
Lemma 1. (de Rham Theorem, Baby ver.) If U C R" is a convex set, then U is de Rham.

Proof. By Poincaré lemma (theorem 11.49 inl!)), HE, (U) = R when k& = 0 and vanishes
otherwise. And we have the same result for singular cohomology since U is contractible. F'is
trivially isomorphic for k£ # 0 since both groups are trivial. For £ = 0, /' maps the generator
1 € HJx(M)to o +— [, 1, which is clearly not trivial. Since F is an endomorphism of R as

R-module, being nontrivial implies that F' is isomorphic. ]

In fact, The general idea of manifolds is to record global geometric data and keep local
data as trivial as possible. Our proof for de Rham theorem also follows the same “local-to-
global” pattern. The tool we use to do the patching is the Mayer-Vietoris sequence. To make
this work, we should first show that the de Rham map commutes with each horizontal map

of the Mayer-Vietoris sequence:
Lemma 2. Let F be the de Rham map. Then
1. for any smooth map f : M — N, the following diagram commutes:

HE(N) —— H¥(N;R)

Ir r

Hfw (M) —— H*(M;R)
2. if manifold M can be decomposed into union of open subsets U and V', then

HENUNV) £ H-YUNV;R)

J |

Hp (M) —F—— H*(M;R)



where the vertical maps are the differential maps in de Rham version and singular

version of the Mayer-Vietoris sequence.

Proof. The proof is done by simply chasing diagrams. For the first claim, pick ¢ € HE,(N)

and o € HE(M), then f*(F()(0) = F(f, F(8) = [an 0 (F W) = [0 =
F(f*(x))(o). For the second claim, again, pick v € HE'(UNV) and 0 € H*(M),

using theorem 3, there is d(F (1)) (o) = F(¢)(0o) = [, v = [ dip = F(d(v)). O

Now we can start proving de Rham theorem. This can be done by proving the following

statements in sequence.

Lemma 3. We have the following statement:
1. Disjoint union of countably many de Rham manifolds is also de Rham.
2. Convex open subset of R" is de Rham.

3. If a manifold has a finite de Rham cover, then it is de Rham. Here de Rham cover is

defined to be an open cover where every element and every finite intersection is de

Rham.

4. If a manifold has a de Rham basis, then it is de Rham. Here de Rham basis is defined

to be a basis that happens to be a de Rham cover.

Proof. 1. Let M = [[, M;, and ¢; : M; — ][, M; be inclusion maps. These maps
induces isomorphism between cohomology of disjoint union of spaces and product of
cohomology of each space. By part 1 of lemma 2, F' commutes with each ¢;, therefore

the following diagram commutes:

HE (11 M;) —— 1, Hbp (M)

Jr Jme

HE (] M;) —— T1, H*(M;)

and this implies that M is de Rham.



2. This is Lemma 1.

3. In this part we use Mayer-Vietoris sequence to do the actual patching work. Suppose
M admits a finite de Rham cover consisting of k£ open sets. If £ = 1, M is trivially de
Rham. Now inductively suppose M is de Rham whenever it is covered by a de Rham
cover of size k. Then if M is covered by the de Rham cover M = Uy U - - - U My,

let A:=U,U---UU,and B := U1, we have the following:

Hpr(A) ® Hig(B) — Hpr(AN B) — Hpp(M) — Hig ' (A) @ Hyd'(B) — Hpg (AN B)
lFoF 1F 1F lFer i
H"(A)® H"'(B) — H"(ANB) — H*(M) — H""'(A)® H""'(B) — H""'(AN B)
By assumption A is de Rham since it is the union of £ de Rham sets, and B is clearly
also de Rham. Notice that A N B = |J,(U; N Uy41) is also union of & de Rham sets,
thus also de Rham. Therefore the first, second, fourth and fifth vertical maps are all
isomorphisms. By five lemma, the middle vertical map is isomorphism, whish shows

that M is de Rham.

4. Claim 3 only works for finite situations, which is not enough. In this part we extend
the result to infinite case, which utilizes heavily the technical assumption on smooth
manifolds that requires them to be paracompact. Let {U, } be a de Rham basis of M.
By proposition 2.28 of!!l, we have a smooth exhaustion function f : M — R. Then
for any integer m, define A,, := {¢ € M|m < f(¢) < m+ 1}and A/, := {q €
M|m — 5 < f(g) < m+ 2}. Since A/, is open, we can cover its subset A,, by basis
elements inside A/ . Since A,, is compact, it can be covered by a finite cover, which is
still inside A/,. We call the union of this finite cover B,,,. Then B,, is de Rham since
it admits a finite de Rham cover. Since each B,, is “protected” by A/ O B,,, we can
observe that if m is odd, each B,, are disjoint from each other for distinct m. This is

also true if m is even. Therefore the two union

U= UBm and V = U B,,

m:odd m:even



are both disjoint union of countably many de Rham sets, therefore both de Rham by
part 1. Moreover, since U NV is a disjoint union of B,,, N B,,, .| for m varies across all
integers, it is de Rham since it is also a union of countably many de Rham sets. Now

we can conclude that M is de Rham by part 3.

5. Since R™ admit a basis consisting of open balls, and each open ball and finite inter-
section of union balls are all convex, we can see that it is a de Rham basis. Any open
subset of R” inherits this de Rham basis, therefore becoming de Rham.

]

Using these results we can finally conclude the proof of theorem 4. Indeed, every man-
ifold admits a basis consisting of all coordinate charts, each of them being diffeomorphic to
an open set in R”. Such de Rham-ness can be transferred from such Euclidean open subsets
to the basis elements since de Rham map commutes with smooth maps (lemma 2). Therefore
every manifold is de Rham since they admit de Rham basis.

Such “local-to-global patching” is extremely cumbersome and require a lot of book-
keeping. One common practice is to develop some machinery to keep this data well-organized,
and this is accomplished by the introduction of sheaf and sheaf cohomology. We will use

them to re-formulate this proof in section 4.

3. Cech Cohomology

Cech cohomology is a cohomology theory that takes a presheaf on a topological space as
input. So it is not surprising that it occupies the term sheaf cohomology until Grothendieck’s
notion of derived-functor-based sheaf cohomology took its place. However, Cech cohomol-
ogy is still useful since it gives a practical way to compute sheaf cohomology, thanks to
theorem 12 coming later.

In this section we first introduce the notion of Cech cohomology, and prove its equiva-
lence to de Rham cohomology in the case of a smooth manifold. The approach used by this

chapter is mostly based on!?..

10



3.1 Preliminary

Recall the Mayer-Vietoris sequence on smooth manifolds involves a cover of two open
sets of a smooth manifold M, and such sequence is exact mainly thanks to the existence of
partition of unity. That is, the functions on M is “soft” in some sense. In a more general
setting, if we have a cover of countably many open sets, we can generalize the sequence to a
double complex, namely the (p, ¢)-th component K7 should be the group of ¢-th differential
forms on p-fold intersections of open sets in the cover. So first we introduce some tools to

handle double complexes.

3.1.1 Some homological algebra for double complexes

Definition 7. A double complex of R-modules is a family of R-modules K77 indexed by
two coordinates, together with connecting homomorphisms d,,, : K77 — KP4t and 4§, :

KP4 — KP4 gych that d* = 0, §% = 0, and they satisfy the anti-commutativity
dé + 6d = 0.

It can be viewed as a single complex K® by letting its ¢-th stage to be
K' = P K
pq=i
together with the connecting homomorphism D := (—1)Pd + §. The restrictions imposed
on d and 4, together with the anti-commutativity, implies that D?> = 0, so K* is indeed a

complex. We denote the cohomology of this complex by H,(E**).

We have the following result which is the proposition 3.11 on!*!, whose proof is just

diagram chasing:

Y

Proposition 1. If all rows of EPY are exact except the bottom row EP°, then Hj,(E**) =
H*(E*Y). Symmetrically, if all columns are exact except the left-most column E%?. then

Hy(E**) = H*(E").

11



For the purpose of this paper, an augmented version of this two proposition is also

available, which can be obtained by simply shifting both of the indices of K.

Proposition 2. We augment £P¢ with r : E~1¢ — E%%and i : EP~' — EPY to get the

following augmented double complex:

E—ll EO,l El,l N E271 y
E—l,O y EO’O y EI,O >E2’0 y

AN N AN

EO,fl - El,fl - E2,71 - s ...

Then if all rows of EP are exact (except the augmented row EP~ 1), then H} (E**) is iso-
morphic to the cohomology of the augmented row H*(EP~!) through map r; and again
symmetrically, if all columns of EP4 are exact (except the augmented column E~19), then
H3(E**) is isomorphic to the cohomology of the augmented column H*(E 1) through

map .
3.1.2 Presheaves and sheaves

A presheaf is just a contravariant functor. More precisely, in this paper we use a notion
of a presheaf of abelian groups on topological space X to be a functor from the category of
open subsets of X to the category of abelian groups, and we simply call it a presheaf. Mor-
phisms between presheaves are just natural transformations between such type of functors.

Moreover, there is a full subcategory of presheaves, defined by imposing additional axioms:
Definition 8. A presheaf F is a sheaf if the following is satisfied:

1. (Glueing axiom) For any open cover |, U, of a randomly chosen open set U, if for

each U, we have a section f, € F(U), such that f,|v.rv, = fslv.nu, for any

12



and f3, then there exist a “glueing” of these f,, namely a section f € F(U) such that

f‘Ua = fa;

2. (Separation axiom) given the same setup for the open set U and its open cover {U,},

if two sections f, g € F(U) agrees when restricted to each U,, then f = g.

Moreover, (pre)sheaves has the notion of stalks, which is not used until section 4 but

we put it here to avoid scattering a single topic throughout the paper.

Definition 9. For point 2 € X and sheaf .# on X, define the stalk of .% at x to be

where U varies through all open set containing .

Although working with sheaves on the level of sections (i.e. working with s € .% (U))
comes handy in some cases, the nature of sheaves is better described on the level of stalks.
For example, it would be much more natural to define image, kernel, etc on the level of
stalks, while more technical steps are required on the level of sections. Due to this reason,
the early definition of sheaves are done by explicitly placing stalks in a fiber-bundle-like

fashion, called étalé space. We will not touch this topic in this paper.

Example. Let M be a smooth manifold. Define R to be the following presheaf: for each
openset U C M, let R to be the R-module of all locally constant functions from U to R. This
is a sheaf since firstly the identity axiom is clearly satisfied since we are only dealing with
functions and restriction of functions, and secondly if a bunch of locally constant function
agrees on intersections of their domains, then the glued function will still be locally constant.
Such kind of construction is called a constant sheaf, which is one way of bring an ordinary
object (sets, groups, rings, modules, etc) into a sheaf-theoretical setting. We will see this

construction again later.

Example. Differential forms on smooth manifold M also form a sheaf, in the following

since: each open set U C M is itself a smooth manifold (with obvious smooth structure),

13



called a open submanifold of M. Then we have a presheaf Q7(—) over space M defined
by U — QP(U). Moreover, glueing and separation axioms are automatically satisfied since

differential forms are just a bunch of smooth maps, and since smoothness is a local property.

3.2 Cech—de Rham complex

In this section we extend Mayer-Vietoris sequence to the case of a cover of countably
many open sets. Given an open cover U of smooth manifold M of countably many sets,
define a double complex

CP(U; Q) = H P (Uso...a)

apg<--<ap

where we use the notation Uy,..o, := [); Ua,. We extend the indices of tuple w € C?(U/; Q27)
to any arrangement of o, . . ., o, by defining W sty = Wi, The “upward” dif-
ferential d : CP(U,9) — CP(U,Q7") is induced by the exterior differential, and the “right-
ward” differential ¢ : C?(U, Q) — CP(U,Q9) is defined by mapping a tuple w to the tuple

p+1
(Ot(), ey Oép+1) — Z(_1>zwa0...di...ap+1
=0

where the restriction is understood. We can check immediately d? = §% = 0 and dd +dd = 0,
so CP(U,Q9) is a double complex. We can augment this complex by adding a left-most
column Q7(M) together with restriction map r : Q4(M) — C°(U,Q?) and by adding a
bottom row consisting of kernels of maps C?(U; Q°) — CP(U; Q') equipped with the same
differential map 6. The augmented bottom row is denoted by C*(U/; R) for some reason that
we will explain later. We call it Cech-de Rham complex.

Similar to the case of Mayer-Vietoris sequence, the existence of partition of unity on a

smooth manifold makes sure that the rows of the double complex are exact:

Proposition 3. For any ¢ > 0, the sequence

0 —— QM) —— [[QUs) —— [ Uspay) —— ---

14



1s exact.

Proof. Firstly, the sequence is exact at 27( M) since we noticed before Q9(—) is a sheaf and
then it is obvious from identity axiom of sheaves. Next, suppose w € [[Q9(Uq,..q,) is a
closed ¢-chain, i.e. dw = 0. Then we have

p+1
= (5w)a0,..ap+1 = Wajg..api1 + Z(_l)zwao...diap+1~

If we rename the indices, we can re-write this equation as
p .
wBO-..,Bp - Z(_Dlwaﬁo&ﬂp
i=0

Inspired by this equation, we pick a partition of unity {p,} subordinate to the open cover

{U,}, and define a (¢ — 1)-chain 7 to be

0 Ap—1 = E :pawavo--wp—w
«

and then we have

p

(57)/30~-~,8p = Z( 1 TBy..Bi By — Z Pa Z aﬁo...ﬁ}..ﬂp = Z PaWpy...0, = Wpy...0p

=0

so we conclude that 67 = w. This finishes the proof. O

Given this result, using proposition 2, we know that H (M) = HL(C*(U;Q*)).

The columns of the double complex (without the augmented column) is not necessarily
exact. In fact, the failure of exactness is measured by the cohomology groups [ [ H(Us,...a, )-
If we restrict the cover U to be a good cover, i.e. all sets and all finite finite intersections of
the sets in the cover are contractible, then we have the exactness of the columns. Then we

get the result:

Theorem 5. IfU is a good cover of smooth manifold M, then Hfy (M) = Hj(C*(U; Q%)) =

H*(C*(U;R)).

15



3.3 Definition of Cech cohomology

Now we define the notion of Cech cohomology. Our end product is a cohomology
theory H*(M;.%) that takes a smooth manifold and presheaf, which is called the Cech co-
homology of M with values in .% . Fix a smooth manifold M, and leti/ = {U,},, be an open

cover. Consider a chain C*(U; F) := [[ Z (Us,..o, ) With differential map & defined by

k+1

(5w)ao...ak+1 - Z(_]')iwao...di...akJrl
1=0

where 62 = 0 can be checked similarly as before, making it a chain complex, thus giving a

cohomology H*(C*(U;.%)). We define Cech cohomology to be the colimit
H*(M;F) = lim H*(C*(U; 7))
u
where the underlying directed system consists of all open covers of M, withif < V if Vis

a refinement of .

Example. We used the notation C*(/; R) to denote the augmented bottom row in the Cech-
de Rham complex defined to be the kernel of the map d : CP(U;Q°) — CP(U; Q). This
notation makes sense since we can see that such kernel consists of exactly tuples of locally

constant functions on Uy...q,,-
We take the following proposition from!?! without proving:

Proposition 4. The good covers are cofinal in the set of all covers of a manifold M. In other

words, any open cover of M has a refinement being a good cover.

The colimit of a directed system can be replaced by the colimit of a cofinal subsystem.
By Theorem 5, we know that H*(C*(U;R)) is constantly isomorphic to Hfj; (M) whenever

U is a good cover. Therefore we have the following, which is the main result of this section:

Theorem 6. For a smooth manifold M,

Hpp(M) = H*(M;R).
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Such isomorphism should not be surprising, since in this case, Cech cohomology ex-
tracts combinatorical data from the arrangement of open covering with limited complexity
locally (i.e. being a good cover) to give a cohomological description of the topological struc-
ture of given manifold. This still follows the “trivial locally and patch to global” principal
mentioned before. Moreover, Cech cohomology somehow gives a solid way to compute

sheaf cohomology, which will be introduced in the next section.

4. Sheaf cohomology and reformulations of classical cohomology
theories

In some sense, the geometric information of certain space and the sheaf allowable on it
will influence each other. Sheaf cohomology, which is the topic in this section, is a cohomol-
ogy theory that extract information from both a given space and a given sheaf on top of that
space. After introducing the machinery of sheaf cohomology, we first demonstrate that if we
consider sheaf cohomology of the “sheaf containing least information”, that is, the constant
sheaf, then sheaf cohomology will degenerate into these “classical” cohomology theories in-
troduced before. In the end of this section, we give an example of a complex manifold, which
shows the phenomenon of underlying space influencing the structure of sheaves. Hence we
demonstrate the modern viewpoint toward geometry: the geometrical data of certain space
is determined by its structural sheaf.
4.1 Abelian categories and derived functors

In some sense, sheaves of abelian groups acts just like modules, and it is reasonable to
consider extending the beautiful theory of homological algebra of modules, whose founda-
tion is laid by Cartan and Eilenberg!* to the category of sheaves. This idea is systematically
explained in Grothendieck’s famous Tohoku paper'®!, which introduces the notion of abelian
category to put both category of modules and sheaves into a same framework. This approach
is much more general beyond its original goal since it is about extracting certain information
from a functor with minimal abelian enrichment structure, not related with any particular

geometric or algebraic context. This makes such approach extremely elegant and powerful,

17



and at the same time, having a lot more technical issue. Therefore the purpose of this paper,
we are going to slightly touch this topic and use it as a tool, omitting most of the proof.

The following is mainly based onl¢.
Definition 10. A category C is called an pre-abelian category if the following are satisfied

1. C has an object that is initial and final at the same time, called a zero object 0 € C;
2. The product A x B for every pair of object A, B € C exists;

3. Each hom-set Homc (A, B) := Morc(A, B) has a abelian group structure.

A functor between additive categories preserving abelian group structure of hom-sets is
called a additive functor.

In such category, we have the notion of kernel and cokernel defined using equalizers
and coequalizers. For some morphism f € Hom(A, B), the kernel is an object ker f together
with a morphism kerf — A that is final among all morphisms ¢ : 7" — A satisfying fot = 0.

In other words, kernel is characterized by the following universal property:

T
+ 0
ker f
7N
A ! > B

Cokernel is just a dual definition, that is, defined by the following universal property:

T

o

cokerf
/ \
A ! > B

If we impose an additional requirement, we get the following:

Definition 11. An abelian category is an additive category satisfying the following require-

ments:
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1. Every morphism has kernel and cokernel;
2. every categorical monomorphism is the kernel of its cokernel,
3. every categorical epimorphism is the cokernel of its kernel.

The homological algebra of modules over aring is always the canonical model of abelian
category. Therefore we have the counterpart of injective module from module theory in a

general abelian category:

Definition 12. An object / in abelian category C is called injective if for any monomorphism
m : A — B, an morphism A — [ can be lifted (not necessarily uniquely) to a morphism

B — I. That is, we have the diagram

X
/;1 I
// m
I ——Y
Moreover, C is said to have enough injective if for any object A € C, there exist an injective
object I together with a monomorphism A —— I . Given this requirement, it turns out
that thanks to the additional requirement of being an abelian category, for any A € C, there

exists a long exact sequence

A y 10 y ! > [2

~

which is called the injective resolution of A. (A proof of this can be found in lemma 2.3.6

oflfl)

Using these terminology we can define the notion of derived functor to measure the

failure of exactness of an additive functor: (in our case, it is actually right derived functor)

Definition 13 (Derived functor). Let F' : A — B be a covariant left exact additive functor.

Define a series of new functors R'F' : A — B as follows: for each object X € A, consider a
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injective resolution of X:

X > I° y It > I?

v

and then apply F' it to get a chain complex with F'.X replaced with 0: (not necessarily exact
anymore):

0 s F1° y FI' —— F[? —— ...

and we define R'F'(X) := H'(FI*).

The whole point of introducing the heavy machinery of derived functor is concluded in

the following theorem, which we cite from!”! without proving:

Theorem 7. Let F' : A — B be an left exact additive functor between abelian categories.

For an short exact sequence of objects in A,

there is a long exact sequence

0 — X’ s ' X s X

R'F(X') “— R'F(X) —— RF(X")

R*F(X') —— R*F(X) —— R*F(X") —— - -~

That is, derived functor gives a way to “mend” the incomplete short exact sequence
produced by a functor that is only left exact by extending it into a long exact sequence, and
we can easily see that F' becomes exact if and only if R'F(X’) = 0.

By definition we can easily see that if an object I is already injective, then for any left
exact additive functor F', we have R*F(I) = 0 for all k > 1. However, in general case, a
injective resolution is hard to obtain, making sheaf cohomology being nearly impossible to
be calculated by definition. Luckily, it turns out that there is a larger class of objects, larger

than the class of injective objects, that can replace injective objects in the resolution while
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produce the same sheaf cohomology.

Definition 14. Given additive left exact functor /' : C — D, an object A € C is said to be
an F-acyclic object if RFF(A) = 0 for all k > 1. It is clear that injective objects are acyclic

with respect to all choices of F'.

Theorem 8. Derived functors can be calculated using acyclic resolution. More precisely,
for some left exact additive functor F and an object B, if B < A® is an F-acyclic resolution,

then R*F(B) = H*(F(A®)) for all k.

Proof. See theorem 4.1 of!®]. O

4.2 Sheaf cohomology

In this section, we apply the machinery of derived functor to the category of sheaves.
Before that, we need to demonstrate that this category is indeed an abelian category with
enough injectives.

We want the notion of kernel, image and quotient for sheaves, in order to treat it as
an abelian category. Given a presheaf .# of R-modules, we can consider the closest sheaf

approximation, which is called the sheafification .7 of .7

Definition 15. The sheafification .Z*" of presheaf .% is a sheaf (together with a morphism

F — Z*0) such that for any sheaf ¢, we have the following diagram

F ——s T

~
~
~
~
~
~
N

N

%

We may define the kernel, cokernel and image as straightforward as how we define
them in the category of abelian groups, but the resulting presheaf may not always be a sheaf.

But we can fix this by using sheafification to “force” the presheaf to be a sheaf. That is to

say,

Definition 16. Let f : .# — ¢ be a morphism of sheaves. Define the kernel ker(f) of f to
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be the sheafification of the presheaf U — ker(f(U)). Similarly, the cokernel and image of f

are defined to be the sheafification of U +— coker(f(U)) and U — im(f(U)), respectively.

The essence of the notion of sheafification is the fact that sheafification preserves the

most important viewpoint of sheaves: the stalks.
Proposition 5. For any presheaf .# € Sh(X) and point z € X, there is .#, = (F),.
Theorem 9. The category Sh(X) of sheaves on space X is an abelian category.

Proof. Just check that cokernel of kernel and kernel of cokernel for sheaves coincide on the

level of stalks, on which the problem reduces to checking the same statement for modules.

O
Proposition 6. The category of sheaves of abelian groups has enough injectives.
Proof. See L

Another notation for the sections .# (U) of presheaf .# over open set U is I'(U, 7).
This notation comes handy if we let U to be the whole space X, and let the sheaf .% vary
and consider the functor I'( X, —), which is called the global section functor. This functor is

easily seen to be an additive functor. Moreover, we have the following property:

Proposition 7. The functor I'( X, —) from the category of sheaves of abelian groups to the

category of abelian groups is left exact.
Proof. Consider the following exact sequence of sheaves:

0 N AR S B/

e}

Using the naturalality of colimit, we can form the following diagram

0 —— I'(F) — 5 1P —2 5 1(F"
I I1f I [1g I

0 — JlLexZ's —— [lhex Zo —— [Lhex "2 —— 0



where the vertical maps are injective by identity axiom of sheaves, and the lower row is exact
since taking stalks and product both preserves exactness. Our goal is to prove that the upper
row is exact. First it is clearly a chain complex. For s € I'(.%#") such that f(s) = 0, we have
(sz)z = 0 by exactness of the lower row, therefore s = 0. For ¢t € I'(.%) such that g(t) = 0,
by commutativity we have g((t,).) = 0, so there exist a family of stalks (s, ), such that
f(sz) = t, for all z. Since (¢,), comes from a global section ¢, it is compatible for gluing,

that is, if we let ,(,) € % (Ua(s)) be the representative of ¢,, then for any x, y, there is

since f(s,) = t,, this becomes

f(res(sa(z))) = res(f(Sa())) = res(f(Saw))) = f(res(saqw)))

so we have res(s,(z)) = res(sq(y)), Which is the gluing compatibility for s,. Therefore we
can glue them to s € I'(#'), and we know that f(s) and ¢ is mapped to the same thing in

[]-%.,so f(s) = t. Then the proof is done. O
Now we are allowed to consider the derived functors of I'( X, —).

Definition 17 (sheaf cohomology). For a sheaf .% on a space X, we define the k-th sheaf

cohomology of .%, denoted by H*(X,.%), to be RFT'(X, —)(.Z).

The notion of sheaf cohomology is a powerful tool: on the one hand, since algebraic
geometry also cares about sheaves and structural sheaves of certain spaces (that is, the notion
of schemes), we can use the sheaf cohomology to explain some theorems about structure of
structural sheaf on certain space, such as in the famous Riemann-Roch theorem; on the other
hand, the way we define sheaf cohomology using derived functor inspires a more general
method of giving a cohomology theory out of a left-exact additive functor to measure its
failure of exactness, whose application includes cohomology theories even in some seem-

ingly disparate fields, for example, the notion of group cohomology and algebraic K-theory.
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4.3 Equivalences between sheaf cohomology and other cohomology theories

Our first bounus of developing such a complicated machinery is its natrual equivalence

to de Rham cohomology.
Theorem 10. On a smooth manifold M, there is an isomorphism Hiy (M) = H*(M,R).

Proof. Previously we have mentioned in example 3.1.2 that for an smooth manifold M, the

differential forms on open subsets of M form a sheaf Q2*(—). Consider the chain complex

0 — R —45 0(—) —4 f(—) —5 Q%(—) —5 -

It is clear that R is the kernel of the map Q°(—) — Q!(—), so the sequence is exact at R. For
the rest of the sequence, we can check the exactness on stalk level. Since M is locally home-
omorphic to R", a contractible space, and by Poincaré’s lemma, which is the theorem 11.49
inl!l, we can see that locally a closed form is always exact. So the exactness of the rest of the
complex is proved. Moreover, Q¥(—) turns out to be a I'(M, —)-cyclic for each k, whose
proof can be found in Theorem 10.22 oft”). Therefore we have H*(M,R) = H*(Q*(M)),
where the latter cohomology coincide with the definition of de Rham cohomology. This

finishes the proof. []

We can apply the same method to Similarly, for a smooth manifold M and ring R, we
can treat singular cochains as a presheaf by considering the contravariant functor C*(—; R).
We take the sheafification of this presheaf and still use the same notation. According to pp.

42 oft!% we know that the complex

0 y R —4 %= R) —%s CY(—;R) —%5 C?(—;R) —% ...

is acyclic with respect to the global section functor. The exactness at each step of this chain
is again guaranteed by the local contractibility provided by M being a manifold. Now if
we use this resolution to calculate sheaf cohomology of M, what we get is H*(C*(M; R)),

which is exactly singular cohomology. So we have the theorem
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Theorem 11. On a smooth manifold M, there is an isomorphism H*(M; R) = H*(M, R).

Moreover, this result can be generalized to any locally contractible space X.

The two above theorems gracefully completes the long and tedious proof of theorem 4
presented in section 2.3, demonstrating the power of this derived-functor-based sheaf coho-
mology.

However, as we mentioned before, the difficulty of calculating sheaf cohomology itself
by definition is an obstacle to putting this machinery into actual use. The follwoing theorem
solves this problem by stating that Cech cohomology is equivalent to sheaf cohomology,

where the former is much easier to calculate. This result is first given by Jean Leray.

Theorem 12. Sheaf cohomology and Cech cohomology coincide for any sheaf on a para-

compact and Hausdorff space.

Proof. See section I1.5.10 of!!!), O

4.4  An example of sheaf cohomology measuring local-to-global obstacles

In this section we give an elementary example of using sheaf cohomology to detect “the
obstacle to local-to-global problem” mentioned as a slogan before. We fix the notation of
n-dimensional complex manifold to be a smooth manifold M with atlas being C", and with
transition maps being holomorpic. Consider the presheaf of all holomorphic functions Oy,
on M, defined by U — {f : U — C|f : holomorphic}, and it is immediately seen to be a
sheaf. It has a subsheaf O}, C O, consisting of nowhere vanishing functions. Our example

start with the chain of sheaves

0 > L j>(9M > Oy > 1

where j(n) := 2nmi and exp is defined by post-compose f : U — C with the complex

exponential e*. The exactness of the chain can be checked on the level of stalks.

Proposition 8. This is an exact sequence.
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Proof. First it is clear that j : Z — O, is the kernel of exp, so the exactness follows. For
the exactness at Oy, pick a stalk s, at z € M represented by section s : U — C that
is mapped to constant function 1 by exp. Since the pre-image of 1 of function e* is N :=
{2nmi|n € Z}, we know that there exist some neighborhood U of z such that im(s|y) C N.
Since s is holomorphic, N is discrete and M is locally contractible (thus locally connected),
we can see that s is the constant function to 2k7i for some k£ when restricted in an even
smaller neighborhood of z, so s, = (2k7i), € Z. The exactness at O3}, lays heavily on the
local nature of stalks: for any stalk s, represented by s’ € O3,(U), we have im(s") C C*.
Therefore we can find some small disk D that avoids 0 and pass to another representative
s" := §'|y-1(py which still represent the same germ. Since then we can safely choose a ray

[ that avoids D and take the corresponding branch of complex logarithm, and we get the

desired preiamge in O,;. ]

After applying the global section functor, according what we have done before, there is

a long exact sequence:

0 —— (M, Z) —1— T(M,0y) —=2— T'(M,03)

HY(M,Z) —— HYM,Oy) —— HY(M,0%) — -

As we can see, the global section of exp is surjective if and only if H*(M,Z) = 0, and this
is exactly the vanishing of first singular cohomology group, according to the result we have
proved. Under this guidance, we can easily cook up some example for failure of surjec-
tiveness of I'(M, exp): the existence of “one-dimensional holes” on M, such as the case of
M = C*, will make it impossible to choose a reasonable branch for complex logarithm for
some sections whose image goes arounds the origin, therefore ruin the surjectiveness. This
is also a strong example of the slogan of geometry: “the sheaf of functions on certain space
contains the same amount of data”, since here existence of certain holomorphic functions is

binded with topological data on M.
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